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Abstract
It is shown that the Dzialoshinskii-Moriya interaction leads to asymmetrical deformation of the transverse domain wall
profile in one-dimensional biaxial magnet. Amplitude of the deformation is linear with respect to the Dzialoshinskii
constant D. Corrections caused by the Dzialoshinskii-Moriya interaction are obtained for the number of the domain wall
parameters: energy density, Do¨ring mass, Walker field. The modified q-Φ model with an additional pair of conjugated
collective variables is proposed for studying the dynamical properties of the wall with taking into account the internal
degrees of freedom.
Keywords: Landau-Lifshitz equation, Dzialoshinskii-Moriya interaction, transverse domain wall, q-Φ model
1. Introduction
The influence of Dzialoshinskii-Moriya interaction [1]
(DMI) on properties of domain walls (DW) is of high in-
terest during the few last years. A especially drastic effect
of DMI was recently reported for perpendicularly magne-
tized ultrathin films: a large tilting of the DW surface was
predicted under magnetic field or a spin polarized cur-
rent driving [2], asymmetric expansion of the circular DW
under field driving was demonstrated [3]. Moreover, new
types of DW can appear, e.g. Dzialoshinskii DW [4, 5] and
chiral DW [6, 7, 8]. The last one demonstrates very high
mobility under spin-transfer torques induced by spin Hall
effect, this feature undoubtedly can be used for improve-
ment of current controlled magnetic memory devices [9].
This paper has two objectives: (i) to study the DMI in-
fluence on static and dynamical properties of a transverse
DW in in-plane magnetized narrow stripe, (ii) to propose
the modified q-Φ model with an additional pair of canon-
ically conjugated collective variables which enables one to
study dynamics of the DW with taking into account the
internal degrees of freedom.
First the collective variable approach was used to de-
scribe the dynamics of one-dimensional DW more then 40
tears ago [10, 11]. Up to now the collective variable model
proposed by Slonczewski [10, 12] is widely used for differ-
ent types of DWs and different drivings [13, 14, 15, 16, 17,
18, 19, 4, 20, 21] and it is often called “q-Φ model”. In the
frames of this model the DW dynamics is described by a
pair of conjugated collective variables: q determines posi-
tion of the DW and angle Φ determines the magnetization
∗Corresponding author
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orientation in the DW center. This model allows one to
describe general properties of motion of the DW as a lo-
calized object, but it does not take into account internal
degrees of freedom of the DW. However one should note a
number of papers where the DW width ∆ was considered
as a third collective variable [13, 14, 19, 16]. But as it was
shown in these works the width ∆ is a slaved variable and
its independent introduction to the model does not allow
to describe the internal DW dynamics.
In this paper we show that due to the DMI the DW
gains a deformation whose amplitude κ can be used as
a collective variable conjugated to ∆. In such a modified
model the variables (∆, κ) are not slaved and reflect a rich
dynamics of the DW internal degrees of freedom.
The paper is organized as follows. In Section 2 we
introduce the model of long and thin stripe and discuss
the considered interactions in the system. In Section 3 the
static DW structure is obtained and deformations caused
by DMI are considered. In the Section 4 the modified q-Φ
model is introduced and DMI influence on the dynamical
properties of the DW are studied. Results of the paper are
summarized in the Section 5.
2. Model
We consider here a case of thin and narrow ferromag-
netic stripe whose thickness and width are small enough
to ensure the magnetization one-dimensionality, and the
stripe length much exceeds the lateral dimensions. Thus
the magnetization is described by continuous and normal-
ized functionm = m(t, z), where z-axis is orientated along
the stripe and t denotes time. Since |m| = 1 it is conve-
nient to proceed to the angular representation
m = (mx, my, mz) = (sin θ cosφ, sin θ sinφ, cos θ), (1)
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Figure 1: Geometry and notations of the problem. The 1D biaxial
ferromagnet with the easy-axis (e.a.) z and easy plane (e.p) z0x is
considered. Angles θ and φ determine orientation of the magnetiza-
tion vector m.
where angle θ describes the deviation of magnetization
from the magnet axis and angle φ determines orientation
of vector m in plane perpendicular to z-axis. These nota-
tions are also explained in the Fig. 1. To describe the mag-
netization dynamics we use the phenomenological Landau-
Lifshitz-Gilbert equations which in terms of angular vari-
ables have the form
− sin θθ˙ =δE
δφ
+ η sin2 θφ˙, (2a)
sin θφ˙ =
δE
δθ
+ ηθ˙. (2b)
Here the overdot indicates the derivative with respect to
the dimensionless time τ = tω0, where ω0 = 4piγMs with
γ being the gyromagnetic ratio and Ms being the satura-
tion magnetization and E = E/(4piM2sS) is the normalized
energy with S being the area of the stripe cross-section.
η indicates the Gilbert damping. Typical scale of the
physical quantities can be illustrated by the example of
Permalloy: ω0 ≈ 30.3 GHz, 4piM2s ≈ 0.93 MJ/m3, and
η ≈ 0.005− 0.01.
We assume that energy of the system has the following
form
E =
∞∫
−∞
[Eex + Ean + EDM + Ez]dz, (3a)
The first term in (3a) denotes the exchange energy
Eex =
`2
2
(∂zm)
2 =
`2
2
[θ′2 + sin2 θφ′2] (3b)
with ` being the exchange length and prime denotes deriva-
tive with respect to the spatial coordinate z, e.g. θ′ ≡ ∂zθ.
The second term describes the anisotropy
Ean =− ka
2
m2z +
kp
2
m2y = (3c)
=
ka
2
sin2 θ +
kp
2
sin2 θ sin2 φ+ const,
where ka > 0 and kp > 0 are constants of the easy-axis
and easy-plane anisotropies respectively. The easy-axis
is orientated along the stripe (z-axis) whereas the easy-
plane coincides with the stripe plane (x0z), see Fig. 1.
The anisotropy is chosen in such a form because for the
thin and narrow stripe the expression (3c) approximately
models the stray-field contribution originated from the sur-
face magnetostatic charges[14, 17]. Also the anisotropy
term (3c) allows the head-to-head (tail-to-tail) transverse
DW [16, 22] which is the subject of this paper.
Energy of the Dzialoshinskii-Moriya interaction (DMI)
is taken in the form typical for cubic crystals with T sym-
metry [23, 24]
EDM =
d
2
m · [∇×m] = −d
2
sin2 θφ′, (3d)
where the normalized Dzialoshinskii constant d = D/4piM2s
is measured in units of length, therefore the comparison of
d and ` is equivalent to the comparison of strengths of
the DMI and exchange contributions. The expression (3d)
can be written in the equivalent form EDM =
d
2 [m×∂zm]
where the Dzialoshinskii vector d = −dzˆ is collinear with
the stripe; the case when the Dzialoshinskii vector is per-
pendicular to the one-dimensional magnet is considered in
detail in Ref. [25].
The last term
Ez = −h ·m = −h cos θ (3e)
corresponds to interaction with the external magnetic field
h = zˆH/4piMs, which is measured in units of the satura-
tion field and is applied along the stripe.
3. Static domain wall
In this section the no-driving case h = 0 is considered
and all the following analysis is based on the static form
of equations (2):
`2(sin2 θφ′)′ = kp sin2 θ sinφ cosφ+ d sin θ cos θθ′ (4a)
`2θ′′ = sin θ cos θ
(
`2φ′2 + ka + kp sin2 φ− dφ′
)
. (4b)
Without DMI (d = 0) the ground state of the system
with energy (3) is doubly degenerated: θ = 0 and θ = pi.
The transition between domains of different ground states
forms a DW. Structure of the DW can be found as a so-
lution of (4) with boundary conditions θ(−∞) = 0 and
θ(+∞) = pi (case of head-to-head DW). This solution is
well known [26]
θdw(z) = 2 arctan ez/∆, φdw = 0, (5)
where ∆ = `/
√
ka is width of the static DW
1. Neverthe-
less the DW solution (5) does not satisfy the equations (4)
in case d 6= 0. In the following we obtain deformation of
the DW solution (5) induced by the DMI, considering the
DMI as a small perturbation d/` 1. With this purpose
1The case of tail-to-tail DW θdw(z) = 2 arctan e−z/∆ which
originates from the opposite boundary conditions θ(−∞) = pi and
θ(+∞) = 0 , as well as case φdw = pi is absolutely analogous to the
considered one.
2
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Figure 2: The bounded solution of the Eq. (7) for parameters values
α = 1, β = 0.5. The shaded central region (green) shows size of the
DW width.
we introduce small deviations from the non-perturbed so-
lution (5)
θ = θdw + ϑ, φ = φdw + ϕ. (6)
Substituting now (6) into (4a) and linearizing the obtained
equation with respect to the deviations one obtains the
following equation for the deviation ϕ
ϕ′′(ζ)− 2 tanh ζ ϕ′(ζ)− αϕ(ζ) + β tanh ζ = 0,
ζ =
z
∆
, α =
kp
ka
, β =
d
`
√
ka
.
(7)
The corresponding equation for ϑ originated from (4b) is
homogenous one ϑ′′(ζ) + (2 sech2ζ − 1)ϑ(ζ) = 0, and be-
sides the trivial solution2 ϑ = 0 it also has a solution
ϑ = dθdw/dζ = (cosh ζ)−1 which corresponds to the trans-
lational shift of the DW (5).
Physically important solution of (7) must be bounded
one. Such a solution for certain values of parameters is
plotted in the Fig. 2. It exponentially approaches the
horizontal asymptotes ϕ = ±β/α and it is linear in the
neighborhood of the origin
ϕ ≈ βf(√1 + α)ζ, ζ → 0, (8)
where function f is determined in (A.5b). See Appendix
A for details and the exact solution. It should be noted
that though the correction ϕ is not localized function the
corresponding corrections for Cartesian components of the
magnetization mi are localized within the DW width, for
small ϕ
mx ≈ mdwx , my ≈
ϕ
cosh ζ
, mz ≈ mdwz , (9)
where mdwi is the magnetization component of nonper-
turbed DW. Therefore the behavior of ϕ at neighborhood
of the origin (8) only matters.
Structure of the DW, where the deformation ϕ(ζ) is
taken into account, is shown in the Fig. 3. One should note
the appearance of the out-of-plane component my which
is absent for the static transverse DW without DMI.
2The trivial solution means that correction ϑ is of higher order
of smallness than linear one with respect to the perturbation: ϑ =
o(d/`).
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Figure 3: Structure of the transverse DW deformed by the DMI.
The top inset demonstrates the changing of the magnetization com-
ponents along the stripe. Structure of the DM is shown below, dis-
tribution of the component my is shown both by the stripe color and
by 3D line. Parameters are the same as in the Fig. 2
4. Domain wall dynamics
To study dynamics of the DW we use the collective
variable approach based on the Lagrangian formalism. The
equations of motion (2) can be treated as Euler-Lagrange
equations
δL
δξi
− d
dt
δL
δξ˙i
=
δF
δξ˙i
, ξ = θ, φ (10a)
with the Lagrange function3[27]
L = −
∞∫
−∞
φ sin θθ˙dz − E , (10b)
and dissipative function
F = η
2
∞∫
−∞
[
(θ˙)2 + sin2 θ(φ˙)2
]
dz. (10c)
Basing on the static solution (5) and taking into account
the form of deformation (8) we propose the following trav-
eling wave Ansatz
θ(z, t) = 2 arctan exp
z − q(t)
∆(t)
,
φ(z, t) = Φ(t) + κ(t)
z − q(t)
∆(t)
,
(11)
where (q,Φ) and (∆,κ) are two pairs of time dependent
collective variables. Pair (q,Φ) determines the general
properties of motion of the DW as a localized object,
whereas the pair (∆,κ) describes the internal degrees of
3Kinetic part of the Lagrange function is chosen in form conve-
nient for the further integration with the Ansatz (11).
3
freedom. Substituting the Ansatz (11) into (10b) and per-
forming the integration over z one obtains the effective
Lagrangian in form
L = 2(Φq˙ + cκ∆˙)− E , (12)
where c = pi2/12. Accordingly to (12) the amplitude of the
DW asymmetry κ is canonically conjugated momentum to
the DW width ∆, as well as DW phase Φ is canonically
conjugated momentum to the DW position q. The effective
energy in (12) reads
E = `
2
∆
(1 + κ2)︸ ︷︷ ︸
exchange
+ ∆
(
ka + kp sin
2 Φ + ckpκ2 cos 2Φ
)︸ ︷︷ ︸
anisotropy
−dκ︸ ︷︷ ︸
DMI
−2h q︸ ︷︷ ︸
Zeeman
.
(13)
Here we assume that κ  1 and therefore only terms
linear and quadratic with respect to κ are considered. The
dissipative function can be obtained in the similar way by
substituting the Ansatz (11) into (10c):
F = η
∆
{
q˙2 + (q˙κ− Φ˙∆)2 + c
[
∆˙2 + (κ˙∆− ∆˙κ)2
]}
(14)
Lagrangian (12) and dissipative function (14) produce a
set of equations of motion which in the lowest approxima-
tion with respect to κ can be written in form∥∥∥∥q˙/∆Φ˙
∥∥∥∥ =M∥∥∥∥kp sin Φ cos Φh
∥∥∥∥ , (15a)
2c
∥∥∥∥∆˙/∆κ˙
∥∥∥∥ =M
∥∥∥∥∥2κ
(
`2
∆2 + ckp cos 2Φ
)
− d∆
`2
∆2 − ka − kp sin2 Φ
∥∥∥∥∥ , (15b)
where matrix M reads
M =
1
1 + η2
∥∥∥∥1− ηκ η−η 1 + ηκ
∥∥∥∥ . (16)
Equations (15) have the solution in form of translational
motion q = V t, Φ = Φ0, ∆ = ∆0 and κ = κ0. In a
low damping case (one neglects terms η2, ηκ and ηd) the
parameters of this translational motion are the following
Φ0 =
1
2
arcsin
h
h0w
, h ≤ h0w = ηkp/2,
∆0 = `(ka + kp sin
2 Φ0)
−1/2,
V = h∆0/η,
κ0 =
d∆0
2(`2 + ckp∆20 cos 2Φ0)
.
(17)
Thus in linear approximation with respect to κ the
translational motion of the DW is the typical one for a bi-
axial magnet [12, 16] except appearance of the asymmet-
rical deformation with amplitude κ0. Taking into account
the neglected damping terms we were able to obtain the
following correction for the Walker field
hw ≈ h0w
(
1− ηd/`√
4ka + 2kp
)
. (18)
Since the obtained correction is linear with respect to d
and the Dzialoshinskii vector d is aligned along the magnet
the Walker fields are expected to be slightly different for
the opposite directions of the DW motion. The relative
difference of the Walker fields is of order of magnitude
∼ ηd. It should be noted that the simplified form (15) of
the equations of motion is valid only under the condition
d/(`
√
ka) 1, otherwise one should use an exact form of
the equations of motion, see Appendix B.
Using (17) one can write the DW parameters Φ0, ∆0, κ0
as functions of the DW velocity. Then the substitution of
this parameters into (13) enable us to series the DW en-
ergy in V :
E ≈ E0
(
1− d
2
`2
ε0
)
+M
(
1− d
2
`2
µ0
)
V 2
2
, (19a)
where
E0 = 2
√
ka` (19b)
is energy of the static DM without DMI,
M = 2
√
ka
kp`
(19c)
is the Do¨ring mass[27] of the DM without DMI. The DMI
reduces values of these quantities and the corresponding
corrections are proportional to d2. In contrast, the cor-
responding correction of energy of a Bloch wall is linear
with respect to the DMI [28, 29, 5]. Values of the energy
and mass corrections are determined by constants ε0 =
1/[8(ka + ckp)] and µ0 = [ka(4c− 1) + ckp]/[8(ka + ckp)2].
To study dynamics of the DW the regime h > hw
(non-translational motion) we analyse the system (15) nu-
merically. First of all it should be noted that in the low
damping case the Eqs. (15a) coincide with the well known
equations of the q-Φ model [12, 13]. Therefore the gen-
eral properties of the DW motion are close to ones ob-
tained from the conventional q-Φ model: above the Walker
breakdown the DW demonstrates oscillation motion with
non-zero averaged velocity, at the same time the magneti-
zation angle Φ precesses non-uniformly in time, for details
see e.g. [12, 16].
A new feature of the proposed modification of the q-
Φ model is internal DW dynamics which is described by
the pair of conjugated variables (∆,κ), it is illustrated
in the corresponding phase diagram, see Fig. 4. If the
applied field is lower than the Walker breakdown h < hw
then the single stationary point with coordinates (∆0, κ0)
appears in the phase diagram. As the field increases from
the value h = 0 to the value h = hw the stationary point
4
0.6 0.8 1.0 1.2 1.4
Δ
0.02
0.04
0.06
0.08
ϰ
0.6 0.8 1.0 1.2 1.4 1.6
- 0.2
- 0.1
0.1
0.2
ϰ
h=0h=hw
h=1.1hw
h=5hw
h=10hw
a) b)
h=20hw
h=30hw
h=50hw
l
Δ
l
Figure 4: Phase diagram for the conjugated pair (∆,κ). Dashed
line is a locus of stationary points when the field is changing in the
interval 0 ≤ h < hw. The limit circles which appear for fields h > hw
are shown by solid lines. Parameters are the following: kp = 1,
ka = 0.5, η = 0.01, d = 0.1`.
moves along the trajectory which is shown by dashed line
in the Fig. 4. Above the Walker breakdown h > hw the
limit circle appears instead of the stationary point. The
narrow limit circle appears abruptly with the finite size
when the field overcomes the critical value h = hw. The
further field increasing leads to the limit circle broadening,
see Fig. 4a. When the applied field exceeds some critical
value (for parameters used in the Fig. 4 it is hc ≈ 17hw)
the amplitude κ of the DMI deformation changes its sign
during the dynamics. At the same time the limit circle
gains significant deformations with necks and loops, see
Fig. 4. It indicates the possibility of chaotic dynamics for
the large applied fields. However, this issue is beyond the
scope of the current paper and it should be studied in a
separate work.
5. Conclusions
It is shown that the DMI results in asymmetrical de-
formation of the profile of transverse DW. Amplitude of
the deformation is linear with respect to the Dzialoshinskii
constant d. To study dynamical properties of the DW the
q-Φ model was modified by adding new pair of the con-
jugated collective variables (DW width, amplitude of the
DMI deformation). That enables one to study the dynam-
ics of internal degrees of freedom of DW and to find out
caused by DMI corrections for the dynamical properties:
Walker field gains the relative correction linear with re-
spect to d, see (18); Do¨ring mass and energy of the static
DW gain the corrections quadratic with respect to d, see
(19a). The possibility of chaotic dynamics for high applied
fields is indicated.
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Appendix A. Solution for the correction ϕ
Let us start from definition of the boundary conditions
for the Eq. (7). First of all, note that the Eq. (7) has
an odd solution: ϕ(−ζ) = −ϕ(ζ). Along with this, the
bounded solution of the Eq. (7) has the following asymp-
totic behavior
ϕ ≈ β/α− C exp[−(√α+ 1− 1)ζ], ζ →∞, (A.1)
where C > 0. This asymptotics can be easily obtained as
a solution of the simple linear ODE which appears from
(7) after replacement tanh ζ → 1. Basing on these two
statements we can restrict ourselves with the solution of
the Eq. (7) for interval 0 ≤ ζ < ∞ with the following
boundary conditions
ϕ(0) = 0, ϕ(∞) = β/α. (A.2)
Transition to the new function u = ϕ/ cosh ζ allow us to
exclude the first derivative in the Eq. (7) and finally we
proceed to the problem
d2u
dζ2
+
(
2
cosh2 ζ
− µ2
)
u+ β
sinh ζ
cosh2 ζ
= 0, (A.3a)
u(0) = 0, u(∞) = 0, (A.3b)
where µ =
√
1 + α. Since the change of variable ξ = tanh ζ
transforms the Eq. (A.3a) to an inhomogeneous Legendre
equation
(1− ξ2)d
2u
dξ2
− 2ξdu
dξ
+
(
2− µ
2
1− ξ2
)
u = −β ξ√
1− ξ2
the general solution of (A.3a) can be written as
u(ζ) = C1P
µ
1 (tanh ζ) + C2Q
µ
1 (tanh ζ) + β
µ− 1
µ+ 1
Γ(1− µ)
µΓ(µ)
×
×
ζ∫
0
[Qµ1 (tanh ζ)P
µ
1 (tanh t)− Pµ1 (tanh ζ)Qµ1 (tanh t)] sinh tdt
cosh2 t
,
(A.4)
where Pµ1 (x) and Q
µ
1 (x) are Legendre functions of the
first and second kinds respectively [30], Γ(µ) denotes the
Gamma function and C1 and C2 are constants of integra-
tion. Applying now the boundary conditions (A.3b) and
using the corresponding asymptotic properties of the Leg-
endre functions [30] we obtain the following values of the
integration constants
C1 =
βpi cot µpi2 f(µ)
2(µ+ 1)Γ(µ)
, C2 = − βf(µ)
(µ+ 1)Γ(µ)
, (A.5a)
f(µ) =
1
2
−
µ− 1µ
4
[
ψ
(
1− µ
4
)
− ψ
(
3− µ
4
)
+
2pi
cos µpi2
]
,
(A.5b)
where ψ(x) = Γ′(x)/Γ(x) is digamma function.
So solution of the Eq. (7) reds ϕ(ζ) = u(ζ) cosh ζ,
where function u(ζ) is defined in (A.4) and (A.5). It is
easy tosee now that ϕ′(0) = u′(0) = βf(µ), and therefore
the asymptotic behavior (8) takes place.
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Appendix B. Exact form of the equations of mo-
tion
Substituting the Ansatz (11) into (3) and performing
the integration over z one obtains the effective energy in
form
E = `
2
∆
(1 + κ2)︸ ︷︷ ︸
exchange
+ ka∆ +
kp∆
2
[
1− piκ
sinh(piκ)
cos 2Φ
]
︸ ︷︷ ︸
anisotropy
−
−dκ︸ ︷︷ ︸
DMI
−2h q︸ ︷︷ ︸
Zeeman
,
(B.1)
which in harmonic approximation with respect to κ coin-
cides with (13). Lagrangian (12) and dissipative function
(14) produce the following set of equations of motion
q˙
∆
− kp piκ
sinh(piκ)
sin Φ cos Φ = η
(
Φ˙− κ q˙
∆
)
, (B.2a)
Φ˙− h = η
[
κΦ˙− q˙
∆
(1 + κ2)
]
, (B.2b)
c
∆˙
∆
− `
2
∆2
κ +
d
2∆
+
pi
4
kp cos(2Φ)
sinh(piκ)− piκ cosh(piκ)
sinh2(piκ)
(B.2c)
= ηc
(
κ˙ − κ ∆˙
∆
)
,
2cκ˙ − `
2
∆2
(1 + κ2) + ka +
kp
2
[
1− piκ
sinh(piκ)
cos 2Φ
]
(B.2d)
= 2ηc
[
κκ˙ − ∆˙
∆
(1 + κ2)
]
,
which in linear approximation with respect to κ coincides
with (15).
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